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Abstract 
Chemo-mechanical effects are known to be significant in a number of applications in modern 
geomechanics, ranging from slope stability assessment to soil improvement and CO2 sequestration. This 
work focuses on coupled chemo-mechanical modeling of bonded geomaterials undergoing either 
mechanical strengthening, due to increased cementation, or weakening, due to cement dissolution. A 
constitutive model is developed that accounts for the multi-scale nature of the chemo-mechanical problem, 
introducing some cross-scale functions establishing a relationship between the evolution of microscopic 
variables and the macroscopic material behavior, realistically following the evolution of the reactive surface 
area, cross-sectional area and the number of bonds along with dissolution/deposition. The model 
presented here builds up on a previously introduced framework. However, at variance with existing works, 
it is specialized on materials with only reactive bonds, such as carbonate cemented sandstone or 
microbially cemented silica sand. Model validation is provided upon reproducing different types of chemo-
mechanical experimental datasets, on different naturally and artificially cemented materials, to establish 
the reliability of the proposed framework. 
 
1. Introduction 
The presence of some degree of cementation is well known to enhance the strength and stiffness 
properties of soils, in that it offers an additional contribution in resisting shear and deformation to that 
provided by an unbonded solid skeleton. For this reason, different soil improvement techniques exist to 
provide artificial cementation to originally loose or weakly cemented soils; one of the most recently 
emerged being microbially induced calcite precipitation (e.g. [1]-[4]) to manage mechanical, hydraulic or 
heat transfer properties [5]. 
On the other hand, naturally cemented soils or soft rocks may suffer from destructuration, i.e. the more or 
less gradual degradation and rupture of bonds, for either chemical or mechanical, or combined reasons, 
bringing about mechanical weakening. Typical examples of such phenomena are landslides triggered by 
weathering of intergranular bonds, as first discussed by Terzaghi [6] and more recently brought to attention 
(e.g.) by Zhao et al. [7], in the context of enhanced weathering of soil in landslide slip planes due to acid 
rain. Several other examples concern slope (often bordering hydroelectric reservoirs), mine pillars 
instability, etc., due to chemo-mechanical couplings affecting a wide range of materials, from clay [8], [9] to 
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sandstone [10], calcite [11], silica [12], and gypsum [13], just to mention a few.  
Another field where chemo-mechanical effects are seen as potentially important is that of geological 
sequestration of CO2, an energy generation byproduct. In fact CO2, upon being injected, reacts with brine 
producing a weak acid, which can in turn react with the surrounding geomaterial, especially if the host 
reservoir rock is carbonate dominated in composition (e.g. limestone, see [14] and [15]), or is carbonate-
cemented (e.g. calcite cemented sandstone, see [16]). Further understanding of chemo-hydro-mechanical 
couplings in geomaterials is also desirable in the field of unconventional hydrocarbon engineering, as 
artificial weathering in the form of ‘acid stimulation’ is often performed to increase permeability of the host 
rock, typically in carbonate rock or sandstone [17]. 
In all of the above cited chemo-mechanical phenomena, the hydro-mechanical properties of geomaterials 
are influenced by dissolution or deposition of bond minerals, mainly calcium carbonate or silicates from 
and into intergranular bonds. Of particular interest for the safety assessment of different geomechanical 
applications is bond dissolution, especially in presence of acidic water (e.g., [18] and [19]). In addition to 
strength, also elastic deformability may be affected by the growth or reduction of cementation bonds, 
implying a dependency of macroscopic elasticity on plastic deformation, so-called elasto-plastic coupling 
[20], [21], or plasticity dependent elastic anisotropy (if the process induces elastic anisotropy, see [22], [23], 
[24] and [25]). 
Schematically, based on the kinetics of chemical reaction between different minerals, two main cases can 
be distinguished, namely the case of both reactive grains and reactive bonds (e.g. calcarenite, with fully 
carbonate solid skeleton) and the case of non-reactive grains and reactive bonds (e.g. silica sand with 
carbonate bonds). In the former case, the timescales of dissolution/deposition of grain and bond minerals 
are comparable, whereas in the latter case the timescale of reaction of the grain minerals is orders of 
magnitude larger compared to that of bond minerals. As such two cases imply a different overall behavior 
both at the micro- and at the macro-scale, bespoke modelling is required to address each situation. While 
in Gajo et al. [26] a model was presented focused on the chemo-mechanical behavior of materials with 
both chemically reacting grain and bond minerals, this work further develops Gajo et al.’s [26] framework, 
building up on the cross-scale relationships and making it suitable to capture the chemo-mechanical 
behavior of bonded geomaterials with only reactive bond minerals and chemically inert grains. 
Published experimental data on the loss/gain of strength of geomaterials due to chemo-mechanical effects 
are not particularly abundant. An account of the phenomenological and modeling background relevant to 
materials with both reactive grains and bonds, such as calcarenite, was given in [26] (see Section 2 therein), 
whereas here we review the published work on materials with chemically inert grains, but reactive bonds.  
Artificially cemented sand is a primary example of such soils. In the context of soil improvement, DeJong et 
al. [1] and Montoya and Dejong [27] carried out a series of drained and undrained shear tests on sand 
cemented by means of microbially induced calcite precipitation. Starting from an initially loose sand, 
different cementation levels were achieved by subjecting samples to repeated treatments, ranging from 
lightly cemented to sandstone-like material. The engineered cemented soil was thus shown to undergo 
during shear a transition from strain hardening to strain softening behavior, in parallel with a significant 
increase of both stiffness and peak strength. 
The behavior of artificially cemented sands was also experimentally investigated by Castellanza [28] and 
Castellanza and Nova [29], using a different technique. They prepared specimens of silica sand mixed with 
hydraulic lime and left to cure for a sufficient time to achieve a soft rock-like material. Specimens were 
then subjected to different chemo-mechanical loading paths in an oedometer apparatus, upon subjecting 
the material to acid weathering during mechanical testing. Chemical debonding was thus experimentally 
induced, and it was shown to bring about a significant deformability increase and a decrease of the elastic 
behavior domain. 
Concerning naturally bonded geomaterials, in the context of degradation of mechanical properties due to 
acidic rain-induced weathering, Ning et al. [30] presented experimental data about calcite cemented 
‘arkosic’ sandstone, subjected to acid treatment (upon immersion of samples into acid solutions of 
different pH and for different time periods) and subsequently tested in uniaxial compression at different 
weathering levels. Results demonstrate a clear degradation of both uniaxial compressive strength (UCS) 
and of elastic modulus with increasing weathering time and decreasing pH of the weathering solution. Also 
Wang et al. [31] followed a similar weathering procedure on samples of Chinese red sandstone, and 
subjected them to triaxial compression testing with analogous results, in terms of decrease of peak 
strength and of elastic modulus with increased weathering. 
Several datasets have been published also in the context of CO2 injection-related degradation of natural 
host rock, with particular regards to sandstone and limestone. For example, Le Guen et al. [32] performed 
CO2 injection experiments under constant mechanical load in both limestone and sandstone using flow-
through triaxial cells, observing a weathering induced increase in strain rates by up to a factor of 5 for 
limestone, and one order of magnitude smaller for sandstone. This corroborates the above discussed 
difference in chemo-mechanical behavior between materials with both reacting grains and bonds 
(limestone) and those with only reacting bonds (sandstone). Further, Hangx et al. [33] interestingly report 
that for samples of poorly consolidated, carbonate- and quartz-cemented, mainly quarzitic Captain 
Sandstone subject to brine and CO2 injections during triaxial creep experiments, carbonate bonds dissolved, 
while quartz bonds remained intact. Despite the complete dissolution of carbonates, no visible change to 
rock strength was observed. Also Canal et al. [16] performed flow-through triaxial experiments to 
investigate the effect of CO2 injection on the Corvio sandstone, however in this case the material was 
reportedly selected in order to minimize chemical couplings. In fact, the Corvio sandstone is a quartzarenite 
with silica cement, and is consistently shown to undergo minor hydro-mechanical effects due to reactive 
processes. 
In addition, some progress in experimentally studying the micro-scale multi-physics evolution of chemically 
bonded soils has been recently made [34], [35], [36], [37], [38]. However, quantification of that evolution 
requires a prior micro-scale model with its well-defined variables, and its quantitative upscaling procedure 
to allow a macro-scale verification. This is the main purpose of the present work. 
From the constitutive point of view, the mechanical behavior of bonded soils/soft rocks has been 
investigated in the framework of critical state through extended versions of Cam Clay (e.g. see [34], [40]). 
Based on these works, account for the coupled chemo-mechanical behavior was later taken, in the 
constitutive models proposed by [41], [28], [29]. However, these works are based on purely macroscopic 
considerations. Models accounting for the multi-scale nature of the chemo-mechanical problem have been 
more recently proposed by [17], [11], [27], [42], [43] and [1]. Such micro-to macro scale modeling 
frameworks have been shown to be generally able to reproduce the experimental behavior of materials 
with both reactive grains and bonds, especially when they are of the same mineral, with particular 
reference to calcarenite. However, there are certain peculiarities of behavior of materials with nonreactive 
grains and reactive bonds and some advantages of their targeted modeling as such. 
In this work, a microscale inspired chemo-mechanical modelling framework specialized on materials with 
only reactive bonds is presented, building up on the model introduced in [1], and validated against different 
types of experimental chemo-mechanical loading paths. Differently from most of the existing chemo-
mechanical models, reversible behavior is described here in the framework of hyperelasticity, upon 
defining a suitable elastic free energy, allowing for the occurrence of destructuration through the 
dependency of elastic properties on chemo-mechanical plastic straining (elasto-plastic coupling, cf. [20], 
[21]). Notably, two key macroscopic ‘cross-scale’ functions are introduced, establishing a relationship 
between the evolution of microscopic variables and the macroscopic material behavior, with the benefit of 
avoiding the occurrence of unphysical situations, such as uninhibited deposition at no available pore 
volume, or continuing dissolution when no cement mineral is left. The model allows to follow the evolution 
of the reactive surface area, cross-sectional area and the number of bonds along with 
dissolution/deposition in a realistic, yet simplified, manner, and to correctly reproduce the macroscopic 
chemo-mechanical behavior of cemented materials with only reactive bonds subjected to experimental 
testing. In summary, compared to previous works, with particular reference to [1], the main innovative 
aspects of this work include (i) the capability to deal with materials with nonreactive grains, (ii) validation 
against experimental tests involving not only chemo-mechanical dissolution/destructuration, but also 
cement augmentation leading to mechanical strengthening and stiffening of the material, (iii) a more in-
depth examination of certain key aspects of the framework introduced in [1], such as the effect of cement 
deposition on elasticity and the asymptotic behavior of the specific reactive surface area close to null 
porosity, and (iv) a simpler and more didactic approach where the key aspects of the proposed dual scale 
model are clearly illustrated, and even summarized in a dedicated section (2.3.1), to facilitate 
understanding of the model structure. 
The paper is structured as follows: in Section 2 the main aspects of the model’s macroscopic and 
microscopic formulation and calibration are described, in Section 3 the model validation against 
experimental data on both artificially and naturally bonded geomaterials is discussed, and conclusions are 
drawn in Section 4. 
 
2. Model description 
In this section, the main features of the model formulation and calibration are described. The key 
relationships linking the micro- and the macro-scale consist of a set of phenomenological cross-scale 
functions (Section 2.3), which are subsequently calibrated on a REV composed of eight non-reactive grains 
(in contact or not, with one to another), where each grain can be connected to up to four other grains by 
means of mono-mineral bonds (cf. Section 2.4). However, the cross-scale functions are not tied to a specific 
microscopic geometry; in fact they could be adapted to different REV configurations without affecting the 
model’s core assumptions and predictive capabilities. 
 
2.1 Macro-scale model description 
2.1.1 Chemo-elastic behavior 
Additive decomposition into elastic and plastic parts is assumed for the macroscopic strain tensor. Each 
elastic and plastic strain include a chemical component, proportional to a mineral mass loss/gain, in this 
case of intergranular bonds. The elastic behavior of the material can be deduced by defining a suitable 
elastic free energy density function, in the framework of hyperelasticity and elasto-plastic coupling [20], 
[21]. The standard form of free energy for the unbonded soil  g g e  ε  is modified, to account for the 
presence of both mechanically and chemically interacting bonds, into 
  , ,e p bm  ε ε   ( 1) 
where bm  is the (time-integrated) mass change of all mechanically active cementing bonds per unit 
volume, from a reference configuration 0bm  (see Section 2.2.1). For simplicity, a detailed description is 
provided here only for chemo-mechanical elastic weakening of the material, i.e. only the role of mechanical 
destructuration and chemical dissolution effects in the material elastic behavior are discussed. The more 
complex effects of chemical deposition, causing elastic strengthening, are discussed in Appendix A. 
The macroscopic elastic free energy is postulated as linearly interpolated between the energy of 
cementation-free configuration and that of totally cemented configuration 
      , , (1 )  e p b g e b em      ε ε ε ε   ( 2) 
where 
g  is the free energy of the uncemented solid skeleton, and b  is the free energy of the completely 
cemented soil (implying a larger stiffness than that of the unbonded material, since the whole porous space 
is filled with cement).  
The weighting function 0 1   is set to be a function of a microscopic variable, namely the mean specific 
cross section area of mechanically active cementing bonds ba  (that depends on both cement mass change 
and plastic strain, see Section 2.3), as 
ba
  , where   is a positive constitutive parameter. Note that 
both free energies depend on the same variable of macro-scale elastic strain.  
It is worth adding that eqn. ( 2) is not formulated within the rigorous upper and lower bounds framework, 
as proposed by Voight [43] and Reuss [45] because these bounds would not take account of the rupture of 
cementation bonds. Voight and Reuss bounds could, however, be used for the evaluation of the free energy 
of completely cemented soil b , which can be expressed as the weighted volumetric average of the free 
energies of the minerals constituting grains and bonds. 
Mechanically induced destructuration is quantified by plastic strain and describes a reduction of the 
number of mechanically active bonds, represented by the decrease of their mean specific cross section area 
ba , and consequently of the weighting function ba
  . This implies that the first right hand term of eqn. 
( 2) will gradually acquire larger importance compared to the second term, as destructuration progresses, 
causing ultimately an overall material stiffness decrease. At the limit of completely unbonded material (i.e. 
when all the active cement bonds are broken, or dissolved, 0ba  ) the free energy of the uncemented 
solid skeleton g  is recovered. On the other hand, at the limit 1ba  , the free energy becomes that of 
completely cemented material b . In other terms, chemically induced cement dissolution causes a fraction 
of bonds (generally carrying a fraction of the overall stress) to disappear (i.e., reducing ba ), leading in turn 
to a stress increase in the remaining bond fraction, inducing strains at constant stress. Thus, cement 
dissolution causes a decrease of soil stiffness with associated strains (if dissolution occurs at constant 
stress) or a decrease of soil stiffness with an associated decrease of applied stress (if dissolution occurs at 
constant strain). Eqn. ( 2) consistently accounts for these effects. On the other hand, cement deposition 
induces an increase of material stiffness, at constant stress and strain. The above described behavior is 
taken into account with a step-wise form of the elastic energy, presented in Appendix A. 
It should be observed that in eqn. ( 2) only stiffness degradation due to bond breakage is considered, while 
the increase of stiffness due to compaction in a destructured material is neglect for simplicity. 
2.1.2 Plastic behavior 
In the framework of small strains, assuming the solid grains incompressible and an isotropic material 
behavior, we propose a yield function along the lines of Modified Cam Clay, extended to account for an 
isotropic tensile strength function (e.g. see [34], [46], [41] and [1]), as follows: 
                              
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where 
cvM  is the critical state parameter,  L   is a function of the Lode angle describing the deviatoric 
section of the yield surface (see [47]), p  the mean effective pressure, q  the deviatoric stress, cp  is the 
preconsolidation pressure of the uncemented soil, and tensp and compp  respectively represent the increase 
of tensile and compressive strength, compared to uncemented soil, due to cementation. It is assumed that 
both quantities depend on the mean specific cross section area of all mechanically active bonds ba , as 
 
tens b rtp a      and       comp b rcp a  .  ( 4) 
In the above, rt  and rc  are the macroscopic uniaxial tensile and compressive strength of the material 
constituting the cementing bonds. Since typically rt  can be taken as a fraction of rc  (see Sect. 3), 
tensp and compp  turn out to be proportional to one another. It can be observed that when all cementation 
bonds are broken or inexistent, 0ba  , thus equation ( 3) becomes that of the Modified Cam Clay yield 
locus. Figure 1 shows the evolution of the yield surface with cementation/destructuration, in terms of 
invariants  ,p q . 
The preconsolidation pressure 
cp  is expressed as 
 00 0
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where 
0p , 0  and 0e  the reference mean pressure, volumetric strain and void ratio respectively, 
v
p  the 
plastic volumetric strain and   a constitutive parameter. Equation ( 5) represents a hardening relationship 
which has been simplified, compared to standard Cam Clay. A more complete discussion on the hardening 
relationship in the case of deposition/dissolution is provided in Appendix B. It is worth emphasizing that the 
hardening relationship ( 5) has been selected for the sake of simplicity in the presentation of the model, 
however, the proposed constitutive framework is not limited to such assumptions. Equation ( 5) represents 
the hardening state of the material in its unbonded condition, i.e. when 0tensp   and 0compp  , and 
hence depending on the accumulated volumetric plastic strain vp  only. However, in a generic situation, 
couplings are introduced in equation ( 3) through functions tensp and compp , which depend on the amount 
of mechanically active bonds (eqn. ( 4)), thus ultimately depending on both plastic strain and on mass 
deposition/dissolution, as is shown in Section 2.3. 
It is worth remarking that the above described plastic driver was adopted due to its simplicity. However, to 
better reproduce the behavior of certain sandy materials, modifications to relevant constitutive ingredients 
(e.g., yield function, hardening rule and elastic response) could be carried out without substantially altering 
the proposed framework. In particular, a more suitable hardening rule would not only involve isotropic 
hardening of the yield surface (resulting from cementation/decementation), but also a change of its shape, 
so that the behavior of the uncemented material would be represented by a conical yield surface with a 
cap. 
 
Figure 1. Change of size of yield surface with changing cementation/destructuration in terms of invariants 
(p, q). The dashed surface represents the uncemented state, in which ptens=pcomp=0. 
 
2.2 Rate equations 
2.2.1 Chemical Kinetics 
Macroscopically, chemical kinetics controls the mass change bm  within the REV due to dissolution and/or 
deposition, at a rate quantified by the mineral kinetic equation which is proportional to the specific reactive 
surface area ra  per unit volume of the reacting materials (with units m
2/m3). In the present context, this 
quantity corresponds to the surface area of the bonds that are actually in contact with the pore fluid 
(Section 2.3). The chemical reaction rate can be thus described by the following equation expressing the 
specific mass change (per unit time) of a specific bond mineral ‘i’ (e.g. [47]): 
  i i i ib r s fm a k     ( 6) 
where ik  is a rate constant (with units (kg mol)/(m2 s J)), ira  the specific surface area of the mineral (with 
units m2/m3) per the same volume, and i
s
  and f  are the chemical potentials (with units of J/mol) of the 
reacting solid mineral and of the fluid respectively. In general, at constant chemical potential difference 
between the reacting mineral and the fluid, the mass rate of change evolves with the microscopic geometry 
of the system (represented by ra ). The relationships between the specific reactive surface area and the 
microscopic features of the solid skeleton on the one hand, and the porosity on the other hand, are key 
features of our model providing coupling between microscopic and the macroscopic description of porous 
media, and are discussed in detail in Section 2.3. It should be remarked that, for the sake of simplicity, in 
this work we consider mono-mineral bonds, and open systems (i.e., the dissolved mass is transported away 
by the fluid), although the presence of more than one family of bonds could be easily introduced. Modelling 
the transport of species within and outside the REV is beyond the scope of this work. 
 
2.2.2 Destructuration equation 
In general, considering a REV of bonded geomaterial, it can be observed that not all bonds are mechanically 
active, due for instance to the rupture of part of the bonds consequent to mechanical loading. Thus, we 
define 
bN  (with dimensions of 1/L
3) as the number of potential (i.e. both broken and unbroken) bonds per 
unit volume of the porous skeleton, and 
baN  as the number of mechanically active (i.e. unbroken) bonds 
per unit volume. 
baN  ranges between 0 and bN , with 0ba N  when all bonds are broken, and ba bN N  
when all bonds are mechanically active. Quantity 
baN  is bound to depend both on mechanical loading 
(bringing about destructuration) and on the deposition of cement at broken bonds (eventually restoring the 
integrity of previously broken bonds).  
The above described mechanisms of destructuration and cement deposition are reproduced in the 
following empirical function: 
       
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where A , 1k  (dimensionless) and 2k  (with units m
3/kg) are constitutive parameters,  with A  ranging 
between 0 and 1 to weigh the role of volumetric ( vp ) and deviatoric (
s
p ) plastic strain rates in 
destructuration. The Macaulay brackets in the second addend of eqn. ( 7) are used since cement deposition 
only is assumed to form new active bonds, while plastic strains are assumed to induce only bond rupture. 
Positive bm  is associated with bond mass increase. 
It can be observed that cement dissolution/deposition bm  is expected to affect both porosity and the 
thickness of bonds. Thus, starting from the standard definition of porosity, in general the rate of porosity 
change of the material due to chemo-mechanical loading depends on both mass change and on volumetric 
strain, as follows: 
    1b
s
m
n n Tr

    ε   ( 8) 
where s  is constant, since solid grains are considered incompressible. In the framework of small strains 
theory, it is found appropriate to also introduce a ‘chemically affected’ porosity n , defined as the ratio of 
current voids volume over the initial bulk volume and depending only on mass dissolution/deposition, 
through the following rate equation: 
 b
s
m
n

   . ( 9) 
2.3 Cross-scale relationships 
The constitutive concepts developed so far are based on two key macroscopic quantities, the cross 
sectional area of active bonds ba  and the reactive surface area ra , which can be defined in terms of 
microscopic variables. To relate the evolution of microscopic variables with the macroscopic chemo-
mechanical description of the material, reference is made to a simplified microscopic geometry.  
In Figure 2a, a schematic of the micro-scale geometry, inspired by microscope photographs of thin sections 
of cemented materials (e.g. calcarenite, cf. [49] and [1]) is shown, in the general case where grains might 
not be in direct contact, but they are linked by cementation bonds that are assumed to be isotropically 
distributed. In such large porosity configuration, the geometry of bonds and grains can be approximated 
respectively with cylinders and spheres. In Figure 2b, the case is represented where, regardless of the size 
of bonds, grains remain in direct contact, resulting in a simplification of the solids’ geometry. 
It can be argued that the actual microscopic structure of a cemented material with chemically reacting 
bonds schematically lies in between the two cases shown in Figure 2. In fact, even if cementation takes 
place in a soil after its geological deposition, cement may be partly deposited around pre-existing grain 
contacts, and partly forming bridges between grain areas that were not originally in contact (this is 
corroborated by observing microscopic photographs of cemented sand, e.g. [1]). Thus, in the mathematical 
description of geometry at particle level that follows, reference will be made to geometrical parameters 
representing average quantities, with particular reference to an average intergranular distance d . 
 
     
Figure 2. Schematic of the considered simplified geometry at large porosity, (a) in a general case where the 
spherical grains are not in direct contact, but they are linked by cylindrical bonds, and (b) in the case where 
the spherical grains are in direct contact, and bonded by cylindrical bonds. 
 
Considering a large porosity configuration, with reference to the general case of Figure 2a, we can express 
the bulk volume of the grains as 
 3
4
3
g g gv R N  , ( 10) 
where gN the number of grains (per unit initial volume of the porous skeleton) and gR  the mean radius of 
the grains, which is a constant as the grains are assumed nonreactive. The height of the grain portion 
wrapped by the bond can be expressed as 2 2g g bh R R R   , where bR  the (variable) mean radius of the 
bonds, and the mean length of the bonds can be defined as 2bL d h  , where d  the average 
intergranular distance (i.e. the distance between the edges of two grains connected by a bond). 
a) b) 
Thus, the bulk volume of cementing bonds can be deduced as 
  2 2 2 / 3b b b b bv R L h R h     N ,  ( 11) 
hence the volume of the solid phase (per unit initial volume of the porous skeleton) coincides with 
1 b gn v v   , where n  the ‘chemically affected’ porosity defined by eqn. ( 9). 
The specific reactive surface area ra  can be expressed as the sum of the lateral surface area of all the 
bonds and of the cross section areas of the broken bonds (which are b baN -N ), as 
   22r b b b b ba ba R L R   N N N .  ( 12) 
Equation ( 12) represents the limit of large porosity. On the other hand, at low porosity configurations (e.g. 
when the volume of bonds is large), the specific reactive surface area becomes very small and the 
schematics of Figure 2 are no longer representative of the microscopic geometry. Thus, in this case the 
microstructure can be related to the macroscopic behavior in a phenomenological fashion, introducing 
restrictions to avoid physical inconsistencies. In particular, when the growth of bonds fills all the available 
porous space, the porosity is prescribed to tend to zero; and when all bonds are dissolved, the specific 
reactive surface area ra  is imposed to tend to zero. The following general asymptotic relationship between 
ra  and n  in the limit of very small porosity is proposed: 
 
0r ra a n
   ( 13) 
where 0ra  and  the exponent   are constitutive parameters. A demonstration of such constraint is 
presented in Appendix C. 
Combining eqns. ( 12) and ( 13) with an appropriate weighting function 1 , a relationship is obtained 
expressing the specific reactive surface area of materials with chemically reacting bonds throughout the 
porosity range: 
    2 1 0 12 1r b b b b ba b ra R L R a n           N N N   ( 14) 
where   a constitutive parameter and the weighting function 1 is expressed as 
 1 b gv v   . ( 15) 
It should be noted that eqn. ( 15) effectively inhibits the exchange of cement mass (due to 
dissolution/precipitation) when there are no cementing bonds, or when there is no void volume left. The 
condition of absent cementing bonds can be reached only asymptotically, as a vanishingly small quantity of 
cementation (and a vanishingly null pore volume on the other hand) will always exist. 
Along the lines of Gajo et al. [1], knowing the number of active bonds per unit volume 
baN , the number of 
active bonds per unit initial cross section of the porous skeleton can be approximately estimated as 
2 3
ba baN =N . Thus, the mean specific cross section area of cementing bonds may be expressed at the limit 
of very large porosity as 2b b baa R N , and at the limit of small porosity, as 1ba n  . 
Applying similar interpolation concepts to those adopted for the reactive specific area, we obtain the 
following expression for the specific cross section area of cementing bonds throughout the porosity range: 
    2 2 1 2 11 1 (1 )b ba ba R n
           N   ( 16) 
where   and   are constitutive parameters, and 
2  is a weighting function: 
 2
1
b
g
v
v

 
    
. ( 17) 
In the above, (1- vg) represents the bulk volume that is available for a complete cementation of bonds. In 
fact Eqn. ( 17)a takes null value when 0bv   (no cementing bonds), and equals one when the growing 
bonds fill all the available void space, i.e. for 1b gv v   (no void volume). Thus, the specific cross section 
area of cementing bonds ba  ranges between 0 and 1. 
The interpolation functions proposed above were deduced from theoretical arguments and from the 
calibration on simple arrays of spheres and cylinders described in Section 2.4. However, the proposed 
model is not restricted to the particular form of interpolation functions given in eqns. ( 14) and ( 16), thus 
such functions should be adapted to different micromechanical models. 
It should be observed that, under our model's assumptions, a rearrangement of the grains (induced by 
elastic and/or plastic strains) is not expected to directly affect the cross-scale quantities (i.e. the specific 
surface area and the specific cross section area of the bonds), unless indirectly, through destructuration. 
Along these lines, the specific cross section area of the bond has been assumed to depend on n  instead of 
n , thus it depends only on chemical dissolution/deposition, without being affected by grain rearrangement 
(otherwise, an elastic volume compression would imply an increase of cementation). This is consistent with 
the assumption of small strains, because the effects of cement deposition/dissolution on shear strength are 
taken into account making reference to the initial, undeformed configuration. This argument certainly 
applies also to the specific surface area of the bonds. However, since the specific reactive surface area of 
the bonds has the dual role of ruling the rate of chemical reactions of dissolution/deposition on the one 
hand, and of preventing unphysical situations (in which further cement may precipitate with no available 
pore space, or dissolve with no available cement) on the other hand, it was deemed more appropriate to 
assume that the reactive surface area depends on n  (instead of n ), so that its role of preventing 
unphysical situations is preserved, although a small error in the evaluation of the rate of chemical reactions 
is introduced. 
 
2.3.1 Summary of model variables and cross-scale functions  
To facilitate understanding of the model structure, in Table 1 a list of the main variables introduced above 
is reported, in which the different quantities have been categorized into micro- and macro-scale quantities, 
and the main cross-scale functions are listed with their functional dependency. 
Following the above outlined framework, the model can be easily extended to more complex cases, e.g. to 
materials with more than one kind of cementing bonds, with different strengths and kinetics of chemical 
reaction. For the sake of brevity, such generalized formulation is not reported here. 
Table 1. Main introduced variables categorized into micro- and macro-scale quantities, and key cross-scale 
functions. 
Macro-scale quantities Micro-scale quantities 
symbol name symbol name 
σ  effective stress tensor 
bL  mean length of bonds 
ε  strain tensor d  
mean distance between grain 
edges 
,rt rc   tensile and compressive strength of cement bv  bond bulk volume 
cp  preconsolidation pressure bR  mean bond radius 
v
p  plastic volumetric strain Cross-scale functions 
s
p  plastic deviatoric strain 
equation reference 
number 
function dependencies 
ra  specific reactive surface area ( 14)  , , , ,r b b ba f R L d v ε  
ba  mean specific cross section area ( 16)  , ,b b p ra f R a ε  
 
n  porosity ( 8)  ,bn f m ε  
bm  mass change due to deposition/dissolution ( 6)  , ,b r s fm f a    
baN  change of number of active bonds per unit volume ( 7)  ,ba b pf m εN  
,tens compp p  
increase of tensile and compressive strength due to 
cementation 
( 4)  ,tens comp bp p f a  
 
 
2.4 Cross-scale calibration 
In this section a calibration of the above outlined cross-scale functions is provided with reference to a 
sample microscopic array of grains and bonds. A cubical REV is considered, composed of eight spherical 
grains connected by cylindrical bonds. The spherical grains are centered in the REV’s vertices and the 
cylindrical bond axes lie in the REV’s edges, so that the porous space is located at the center of the REV. 
Microscopic geometrical calculations are carried out leading to expressing the specific bond cross-sectional 
area ba  and the specific reactive surface area ra  in a rigorous manner throughout the porosity range, 
without resorting to the phenomenological simplifications described in Section 2.3. The resulting trends 
obtained with such microscopic representation are then used to calibrate the constitutive parameters 
featuring in eqns. ( 14) and ( 16) through a trial and error procedure, and then compared to those obtained 
with the cross-scale functions of Section 2.3. 
Two reference configurations are considered for the microscopic geometry, namely a REV of identical 
spherical particles that are not in direct contact (Figure 3a), so that the inter-granular distance 0d  , and a 
REV of identical spherical particles that are in direct contact (Figure 3b) implying 0d  . The latter 
configuration is described hereafter, while details about the former can be found in [1]. It should be noted 
that no bond rupture by mechanical action is considered in these calculations, thus the considered 
geometry of the solid skeleton changes due to uniform deposition/dissolution of bonds only.  
The microscopic representation is subdivided into two geometrical configuration sub-cases: a first 
configuration at larger porosity, in which bonds undergo uniform thickness reduction/increase. This 
configuration is lower-bounded by the complete dissolution of bonds when 1 gn V V  , where gV  the 
volume of grains and V  the total volume of the REV, and upper-bounded at the point when the laterally 
growing bonds (cylinders) come into contact, corresponding to the geometrical condition 2b gR R . 
Further deposition beyond this point implies a second configuration, at lower porosity, where the skeleton 
geometry is represented by interpenetrating cylinders. The second configuration is limited by the virtually 
complete filling of porous space, hence it applies to the range 2g b gR R R  . 
In Figure 4a the specific cross section area of cementing bonds ba  is plotted versus porosity, considering a 
microscopic REV with 0.05gR  mm, at different values of the initial bond radius bR  and of the inter-
granular distance d  (including 0d  ). The discontinuity in the curves represents the passage between the 
first and second geometrical configuration. In Figure 4b the corresponding curves obtained with the 
macroscopic calculation of eqn. ( 16) are shownAdequate correspondence between the two sets of curves 
has been obtained upon parameter calibration, resulting in   1.5 and   0.5. 
In Figure 5a, the specific reactive surface area ra  obtained by microscopic calculation is plotted versus 
porosity, considering 0.05gR  mm, initial 0.02bR  mm, and the two configurations with grains in direct 
contact ( 0d  ) and not in direct contact ( 0.01d  mm). In Figure 5b the corresponding curves obtained 
with eqn. ( 14) are shown, at several values of inter-granular distance d . Also in this case the curves 
obtained with the macroscopic relationship can adequately reproduce the microscopic trend, by setting 
parameters   2 and   0.67 . 
 Figure 3. 2D Schematic of the reference microscopic geometry for microscale calculations for the two ideal 
cases of (a) grains not in direct contact (d≠0) and (b) grains in direct contact (d=0). From top to bottom, the 
different figures represent different deposition phases, progressing from a large porosity configuration to a 
lower porosity configuration, ending with the complete filling of voids at the limit of zero porosity.  
 
a) b) 
  
Figure 4. Specific cross section area of cementing bonds versus porosity during dissolution/deposition (the 
dots mark the initial porosity). a) microscopic calculation, b) macroscopic calculation with model equation 
( 16). 
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Figure 5. Specific reactive surface area versus porosity during dissolution/deposition (the dots mark the 
initial porosity). a) microscopic calculation, b) macroscopic calculation with model equation ( 14). 
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 3. Model validation 
The model described in Section 2 was numerically integrated, resorting to an automatic differentiation 
technique and automatic code generation system [50], [51] through a fully implicit, backward Euler 
integration scheme. The model capabilities were then tested by reproducing a series of chemo-mechanical 
experiments available in the literature.  
The model parameters can be grouped into four categories, describing: (i) the material’s uncemented 
behavior ( ,
cv  gE  g ), (ii) the mechanical properties of the cementing material ( rc and rt ) and of 
completely cemented soil (
bE ), (iii) the mechanically-induced destructuration ( 1,  A k ) and chemical 
healing ( 2k ), and (iv) the macroscopic evolution of specific reactive surface area and the specific cross 
section area of cementing bonds (, 0ra ).  
In addition to selecting the above parameters, initial values of variables describing the microscopic bond 
geometry (see Table 1) must be defined, possibly by examining thin sections and/or SEM images of the 
microstructure of the cemented materials. Useful information can be also obtained from chemical analyses, 
such as quantifying the sample solid mass variation at different degrees of chemical interaction. Parameters 
describing the mechanical properties of the (intact) cementing material may be selected from the rock 
mechanics literature, while those associated with material’s uncemented behavior should be obtained from 
bespoke testing of the material in a fully destructured state, wherever possible. The interested reader is 
referred to [1] (see Section 5 therein) for a thorough discussion on the model parameter selection 
procedure. 
3.1 Simulation of triaxial tests on artificially cemented sand 
The model was first employed to reproduce chemo-mechanical loading paths in microbially cemented 
sands, thus simulating the strengthening and stiffening effect that artificially induced cement deposition 
has on granular soils. Reference was made in particular to an extensive set of experiments reported by 
Montoya and DeJong [27]. The authors performed a series of triaxial tests on Ottawa sand after subjecting 
it to different degrees of cementation, by means of ureolytic-driven calcite precipitation. After cementation 
completion, specimens were flushed with deaired water, back-pressured and then sheared in either 
undrained or drained conditions in a triaxial apparatus. The authors also performed measurements of shear 
wave velocity sV  throughout shearing, to monitor small stiffness changes due to cementation’s mechanical 
degradation. 
Simulations were performed aimed at reproducing the experimental paths reported in [27] for drained 
triaxial testing of both untreated (uncemented) and microbially treated sand to a moderate cementation 
level, corresponding to an introduced amount of calcite of 0.6% by mass. The parameter values adopted for 
this set of simulations on calcarenite are shown in Table 2 (set #1a for treated sand and set #1b for 
untreated sand). In particular, the initial porosity was deduced from the initial void ratio estimated by [27] 
and the average grain radius was obtained from the measured D50 of Ottawa sand [27]. Grains were 
described as having round shape, thus qualitatively being particularly consistent with our assumptions for 
the microscopic geometry. Among the different experimental datasets available in [27], drained triaxial 
compression experiments were selected, as these represent a more basic situation compared to their 
undrained counterpart, and can be considered a more didactic example of the key chemo-mechanical 
features of the model. 
In Figure 6 the simulated deviatoric stress vs axial strain during drained triaxial compression is shown for 
both the untreated and the treated material, along with the corresponding experimental data. A higher 
peak strength and an overall more brittle behavior can be observed for the cemented material compared to 
the untreated material, while at large strain both materials tend to converge to the same strength value. 
These characteristic aspects are well captured by the model, both qualitatively and quantitatively. In Figure 
7 the simulated and experimentally measured evolution of volumetric strain with axial strain is shown for 
both the untreated and the treated sand. Consistently with the more brittle character highlighted in Figure 
6, the cemented sand exhibits a more markedly dilative behavior. Trends are correctly captured by the 
simulation, despite a tendency to slightly overpredict the initial contractive material behavior. Figure 8 
shows simulations of shear wave velocity (calculated using standard elasticity relationships starting from 
elastic moduli, in turn obtained upon deriving the elastic free energy described in section 2.1.1) vs axial 
strain for both materials, that adequately reproduce the corresponding measured values. 
A particularly good agreement between simulated and measured experimental trends is observed in Figure 
6. In Figure 7 and Figure 8 the experimental data are reproduced somewhat less accurately. While the 
elasto-plastic evolution of volumetric strain, with particular reference to the untreated material, is 
adequately captured, the initial elastic volumetric straining appears over-predicted. This is mainly due to 
our model assumptions, that were made for the sake of simplicity and generality, e.g.: the adoption of an 
associated flow rule, the fact that we neglect elastic anisotropy and the increase of elastic stiffness due to 
stress level increase, as well as the bulk stiffness increase due to soil densification (this is also reflected by 
the unchanged shear wave velocity with increasing specimen compression, in the simulation of Figure 8, for 
untreated soil). 
To gain further insight into the relationships between the simulated evolution of bonds and the 
macroscopic mechanical response, in Figure 9 the ratio 
ba bN N  is plotted against axial strain for the above 
discussed simulations, calibrated on Montoya and DeJong’s [27] experiments. It can be observed that 
during initial elastic loading no bond rupture occurs, while upon elasto-plastic shearing, mechanical 
destructuration occurs as the number of active bonds steadily decreases with increasing axial strain. 
However, the rate of destructuration decreases with shearing, to asymptotically tend to a tableau, at very 
large strain, representing fully destructured material. 
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Figure 6. Simulations and experimental data [27] of deviatoric stress vs axial strain during a drained triaxial test on uncemented and 
microbially cemented sand.  
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Figure 7. Simulations and experimental data [27] of volumetric strain vs axial strain during a drained triaxial test on uncemented 
and microbially cemented sand. 
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Figure 8. Simulations and experimental data [27] of the evolution of normalized shear wave velocity with axial strain during a 
drained triaxial test on uncemented and microbially cemented sand. 
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Figure 9. Simulated evolution of the normalized number of active bonds with axial strain during drained triaxial shearing, for 
microbially cemented sand. 
 
3.2 Simulation of oedometer tests on artificially cemented sand 
Another significant set of published chemo-mechanical experimental data come from Castellanza [28] and 
Castellanza and Nova’s [29] special oedometer tests on artificially cemented sand. In this case, artificial 
cementation was achieved upon treating samples of coarse silica sand with lime and distilled water, thus 
obtaining a cemented material in a controlled manner, upon lime hydration. Specimens directly prepared 
within an instrumented oedometer thin ring (enabling measurement of the radial stress) were subjected to 
a chemical debonding test, consisting of first applying a mechanical vertical load and subsequently 
imposing a constant acid flow through the sample, at constant axial load. To simulate these experiments, 
the needed parameter values were obtained whenever possible from [28] and [29], and are shown in Table 
2 (set #2).  
In Figure 10 the simulation and corresponding experimental data are shown in terms of radial stress versus 
weathering index   (amount of dissolved cement with respect to the total initial cement) during the 
chemical debonding phase. Radial stress keeps initially constant but soon starts to increase with a steep 
slope, to then switch to slightly increasing with a much gentler slope in the range 0.5 1   . Simulations 
can be observed to consistently reproduce the measured data. To explore the impact of varying the 
average intergranular distance, simulations were performed both at 0d   (corresponding to cement being 
deposited around grain-grain contacts only) and at 0.01d  mm (indicating the presence of cement also 
bridging the gap between parts of grains not originally in contact).  The latter setting corresponds to a 
better accuracy of reproduction of experimental data. Further, in Figure 11 the numerical and experimental 
evolution of axial strain with weathering index   during the chemical debonding phase is shown. It can be 
noticed that initially, during the abrupt radial stress increase observed in Figure 10, the simulated axial 
strain increase in Figure 11 is very small (although not zero), while as radial stress stabilizes (roughly at 
0.5 ), large plastic axial strains are triggered. The relative better accuracy of data reproduction of 
simulations with 0.01d   mm also in Figure 11 confirms the aptness of this parameter choice for the soil 
at hand. 
Based on the above results, it can be deduced that the present framework can be applied to adequately 
reproducing the chemo-mechanical behavior of lime-treated soils, even though this soil improvement 
procedure significantly differs from that of microbially cemented sands. Moreover, while in Section 3.1 
simulations reproduce soil mechanical loading as a separate (i.e. subsequent) step from chemical 
treatment, in this section’s simulations chemical and mechanical loading occur at the same time. This 
highlights the flexibility of the model to deal with different practical situations, as well as different kinds of 
bonded materials. 
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Figure 10. Simulations and experimental data [28]  of the evolution of radial stress with acid weathering in oedometer conditions on 
an artificially cemented sand. 
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Figure 11. Simulations and experimental data [28]  of the evolution of axial strain with acid weathering in oedometer conditions on 
an artificially cemented sand. 
 
3.3 Simulation of uniaxial compression and oedometer tests on natural bonded soils 
As an additional model validation, the experimental results of Ning et al. [30] on a natural soft rock are 
considered. The authors performed chemo-mechanical tests on a naturally calcite-cemented ‘arkosic’ 
sandstone, by subjecting different rock samples to weathering upon immersing them into acid solutions of 
different pH values, during different weathering periods, and subsequently testing them mechanically in 
uniaxial compression conditions. The effects of both acidity of the weathering agent and of total exposure 
time to weathering were thus explored in terms of material strength and deformability evolution. 
Parameter settings for this dataset are reported in Table 2 (set #3).  
In Figure 12a the simulated deviatoric (axial) stress versus axial strain is plotted at different degrees of 
weathering (in the range 0 0.9    ), showing a marked decrease of both elastic stiffness and of peak 
strength with increasing  . The material can be observed to undergo a transition between a markedly 
brittle behavior and a more ductile one. Figure 12b shows Ning et al.’s [30] experimental results on the 
arkosic sandstone for comparison, tested after different weathering times in an acid solution with pH=5. It 
emerges from Figure 12 that experimental curves exhibit a more brittle behavior than simulated ones, 
however this is due to the typical inability of the adopted constitutive model to accurately reproduce the 
effects of strain localization. In fact, despite the underlying model assumption of a homogeneously 
deforming sample, the rock specimens at hand, tested under uniaxial compression conditions, are most 
likely to have developed shear bands. 
In Figure 13 the simulated and experimentally measured variation of secant elastic modulus E  with 
weathering time is reported, while Figure 14 shows the simulated and experimentally measured variation 
of material’s UCS with weathering time. It should be observed that since in [30] experimental results are 
expressed in terms of time of weathering (days), an additional calculation was performed to relate absolute 
time and the weathering index in our model, to be able to express the simulated evolution of E  and UCS 
as a function of weathering time (instead of  ), as detailed in Appendix D. Also in this case, the model 
demonstrates the ability to consistently reproduce different types of chemo-mechanical experimental 
paths.  
Finally, to test the model capabilities in the case of purely mechanical loading of bonded geomaterials, an 
experimental loading path obtained in oedometer conditions on a natural soft rock by [29] was numerically 
reproduced. Relevant parameter settings, determined after [29] (see [1] for further details), are reported in 
Table 2 (set #4). Figure 15 shows a direct comparison of the simulated and measured data in terms of axial 
strain vs axial stress. Good agreement between the two datasets is apparent, demonstrating that the 
proposed model is able to capture the typical sudden axial collapse, occurring when the bulk of 
mechanically induced destructuration takes place. 
Table 2. Parameter values adopted for model validation simulations. 
Parameter Symbol Set #1a Set #1b Set #2 Set #3 Set #4 Units 
Initial porosity 
0n   0.73 0.73 0.475 0.395 0.56  
Elastic modulus of 
uncemented solid skeleton 
gE  15 15 1 5 1 MPa 
Elastic modulus of cement 
material 
bE  7.7 7.7 4 53 150 GPa 
Poisson ratio of solid skeleton 
and bonds 
,g b    0.08 0.08 0.08 0.08 0.053  
Critical state parameter 
cvM  
1.20 1.20 1.85 1.85 1.51  
Initial mean radius of grains 
gR   0.10 0.10 0.05 0.2 0.05 mm 
Initial mean radius of bond 
cross-sections 
bR  0.021 0.021 0.02 0.073 0.009 mm 
Mean bond length d 0.0 0.0 0.0 0.02 0.008 mm 
Destructuration plastic strain 
parameter 
A 0.5 0.5 0.8 0.5 0.8  
Mechanical destructuration 
rate parameter 
k1 10 10 0.8 70 0.8  
Chemical healing rate 
parameter 
k2 0 0 0 0 0 m3/kg 
Slope of normal consolidation 
line 
  0.15 0.15 0.03 0.03 0.05  
Number of grains 
gN  6.4x10
10 6.4x1010 1.0x1012 1.8x1010 8.0x1011 m-3 
Number of bonds 
bN  8 g N  8 g N  8 g N  8 g N  11 g N   m
-3 
Initial number of active bonds 
baN  b N  
510 b N  b N  b N  b N  m
-3 
Tensile strength of cement 
material 
rt  0.15 0.15 0.1 43 8 Mpa 
Compressive strength of 
cement material 
rc  3 3 2 215 90 Mpa 
Uncemented 
preconsolidation stress 
cp   420 420 50 100 300 kPa 
Constitutive parameter  2 2 2 2 2  
Constitutive parameter  0.67 0.67 0.67 0.67 0.67  
Constitutive parameter  1.5 1.5 0.5 0.5 0.5  
Constitutive parameter  0.5 0.5 0.5 0.5 3.5  
Constitutive parameter 
0ra  1 1 1 1 1 1/mm 
 
  
 
 
 
 
Figure 12. (a) Simulations and (b) experimental data [30] of deviatoric stress vs axial strain during uniaxial compression tests on 
sandstone after subjecting samples to acid weathering for different periods.  
 
Figure 13. Comparison of simulations and experimental data [30] in terms of elastic modulus versus weathering time. The 
experimental data are taken from Ning et al.’s [30] uniaxial compression tests on arkosic sandstone. 
 
Figure 14. Comparison of simulations and experimental data [30] in terms of UCS versus weathering time. The experimental data 
are taken from Ning et al.’s [30] uniaxial compression tests on arkosic sandstone. 
 
  
 
Figure 15. Comparison of simulations and experimental data [29] in terms of axial strain versus axial stress in a purely mechanical 
oedometer test on unweathered soft rock. 
 
4. Conclusions 
A dual scale chemo-mechanical constitutive model was presented, building up on the framework 
introduced by [1], able to reproduce the key features of the behavior of naturally or artificially cemented 
geomaterials subjected to both mechanical loading and cement deposition/dissolution due to chemical 
action. At variance with the bulk of existing literature, this model is specialized in representing cemented 
materials with nonreactive grains and reactive bonds, such as artificially (e.g., microbially) cemented silica 
sand and natural sandstone with carbonate cementing bonds. 
A contribution of the modelling framework presented here, at variance with most existing chemo-
mechanical models, is the capability to avoid unrealistic situations, such as further cement deposition at no 
available porous space, or further dissolution at no cement material left. This is achieved thanks to the 
introduction of two key cross-scale functions, namely the specific cross-sectional area and the specific 
reactive surface area of bonds.  
Macroscopic plasticity is modeled through a modification of the standard critical state framework, while 
reversible behavior is described in the frame of hyperelasticity, allowing for the occurrence of chemo-
elasto-plastic coupling. The effect of cement deposition on elasticity and the asymptotic behavior of 
specific reactive surface area close to null porosity have been examined particularly in depth in dedicated 
appendices. 
Overall, the model allows keeping track of the evolution of the all-important reactive surface area, cross-
sectional area and the number of mechanically active bonds along with dissolution/deposition, to 
reproduce the macroscopic chemo-mechanical behavior of cemented materials. Moreover, this framework 
allows deducing the porous medium unit weight variations consistently with porosity changes and mass 
dissolution/precipitation. The consistent simulation of a set of different experimental chemo-mechanical 
loading paths (involving both increased cementation and cement dissolution/destructuration) carried out 
on different (both naturally and artificially) cemented materials with only reactive bonds, demonstrates the 
reliability of this approach. 
Although some simplifying assumptions were made, such as assuming linear elasticity, considering the 
bonds as mono-mineral and assuming an isotropic bond distribution, the proposed model could be 
promptly extended to more complex materials, such as those characterized by the presence of more than 
one family or anisotropic patterns of bonds, with different chemo-mechanical properties. It should be also 
remarked that modelling osmotic suction effects, typically occurring due to the exposure of fine-grained 
partially saturated soils to certain chemical solutions, is outside the scope of this work. Future 
developments will involve adopting more complex constitutive assumptions to deal with an extended 
notion of hydro-chemo-mechanical fatigue due to cyclic loading [50] superimposed on progressive 
(including geochemical) weakening [53] in slope instability, in the spirit of [54]. 
In conclusion, the presented model constitutes a step ahead towards the understanding of the behavior of 
bonded geomaterials subjected to both mechanical and chemical loading, and allows reproducing complex 
experimental chemo-mechanical paths in a reliable manner, yet retaining a relatively simple and didactic 
character that make it suitable to serve as a basis for further developments. 
 
Acknowledgements 
The first author would like to thank the Ministry for Education, University and Research (Ministero 
dell’Istruzione, dell’ Università e della Ricerca - MIUR) for the partial financial support of this work under 
grant PRIN 2015: “Innovative Monitoring and Design Strategies for Sustainable Landslide Risk Mitigation”.  
The second author gratefully acknowledges financial support from the EU research project ERC-2013-ADG-
340561-INSTABILITIES. 
The third author gratefully acknowledges financial support from the “Visiting Professor 2013” program of 
the University of Trento. 
 
Appendix A. Effects of cement deposition on elasticity 
To further illustrate the implications of cement deposition in the material elastic behavior, let us consider a 
bonded porous medium in which the initial mean specific cross section of active cement bonds is 0ba  (that 
is the result of the previous chemical and mechanical history). If we set, for simplicity of presentation, 
1   in the expression of   featuring in equation ( 2) (although the following rationale holds for any 
value of  ), then ba  , and the relevant initial elastic free energy (say at time 0t , hereafter called ‘stage 
0’) is given by 
      0 0, , (1 )  e p b b g e b b em a a    ε ε ε ε .  (A1) 
Next, let us assume that in the time history of interest for our simulations, at time 1t  (‘stage 1’) cement 
deposition at constant (elastic) strain 
,1eε  (under the stress state 1σ ) occurs, which leads to an increase of 
the mean cross section of active cement bonds from 0ba  to 1ba . After cement deposition, the free energy is 
assumed to be expressed by  
          1 0 1 0 ,1, , (1 )   e p b b g e b b e b b b e em a a a a        ε ε ε ε ε ε .  (A2) 
In this way, the newly deposited portion of cement bonds is initially unloaded and becomes active (i.e. 
loaded) only under a newly applied stress, that leads to an elastic strain change  ,1e eε ε . Thus, the elastic 
strain level existing during cement deposition, 
,1eε  plays the role of an initial strain for the newly deposited 
portion of the cement bonds. It should be remarked that cement deposition increases soil stiffness.  
Equivalently, if at a later time 
2t , or ‘stage 2’ (at constant strain ,2eε , under the stress state 2σ ), a further 
cement deposition occurs, causing an increase of the specific mean cross section area of cementing bonds 
from 1ba  to 2ba , the final free energy becomes  
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  (A3) 
Thus we can easily generalize eqn. (A3) to a sum of n-terms or to a convolution integral (in the case for 
instance of cement deposition under smoothly changing applied strains or applied stresses). 
The variables of interest can then be deduced from the free energy function in the standard way. As an 
example, let us assume that the free energy density of the uncemented grains g  and of completely 
cemented soil b  is the standard one of linear elasticity with Young moduli gE  and bE , and Poisson ratios, 
g  and b , respectively. Then, from eqns. (A1), (A2) and (A3), and deducing the stress e  σ ε , for 
uniaxial compression we would respectively obtain the following stress-strain relationships:  
At ‘stage 0’ 11 0 11 0 11(1 )  b g b ba E a E       (A4) 
At ‘stage 1’    11 1 11 0 11 1 0 11 11,1(1 )   b g b b b b b ea E a E a a E            (A5) 
At ‘stage 2’ 
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  (A6) 
It is worth observing that, upon unloading from a compressive state after cementation, when 
11e  becomes 
smaller than 11,2e  or 11,1e , then some terms of eqns. (5) and (6) become negative, i.e. provide a local 
traction. 
 
Appendix B. Hardening law 
To derive the hardening rule in a more general form that would be inclusive of material structural changes, 
primarily, mineral mass addition or removal, we still assume that the evolution of preconsolidation 
pressure 
cp  depends on the evolution of voids in the material, but in a broader sense. As initially the 
contribution of mineral mass dissolution/deposition to the voids evolution is not considered, the isotropic 
normal consolidation line in a loge p   plot can be classically defined in a differential form as follows (e.g. 
see [55]) 
 c
c
p
e
p

     (B1) 
which is valid for 
cp p . In terms of total volumetric strain, since at small strains  0/ 1v e e   , the 
relationship can be rearranged into 
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Next, upon including the contribution of dissolution/deposition to the void space variation, we must 
consider that dissolution/deposition leads to an increase/decrease of void space. Note that 
cp  and    
describe the behavior of the destructured soils, in which the broken grain bonds become part of the solid 
fraction affecting the grain size distribution. Thus, in general, during chemo-mechanical loading neither the 
slope of the isotropic compression line nor its intercept with the void ratio axis are bound to remain 
constant (e.g., see [56]). In particular, the slope   is expected to depend on the amount of broken grain 
bonds, namely  bm  . However, if we assume for the sake of simplicity that the subtraction/addition 
of solid phase does not change the grain size distribution and the shape of the particle surface, and that the 
different crushability of grains and broken bonds is not an issue, then the slope   can be assumed 
constant, thus 
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   valid for 
cp p   (B3) 
where bm  is the increase of relative mass (positive for deposition, implying a decrease of void ratio) 
referred to the unit initial volume as in the definition of v , and s  is the (constant) density of the solid 
grains and cementing material. It is worth emphasizing that eqn. (B3) holds true only for the stress states 
lying on the normal consolidation line, namely for 
cp p . 
By exploiting the additive decomposition of strain increments, e pv v v    , the elastic volumetric 
strain increment can be expressed in a mean stress-dependent form (like in the standard Cam Clay 
formulation) as 
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representing the equation of the isotropic unloading/reloading line. 
For a stress state lying on the isotropic normal consolidation line and for a destructured soil, which is 
subjected to a small virgin loading/elastic unloading cycle, the plastic volumetric strain increment can be 
obtained by substituting eqn. (B4) into eqn.(B3), thus obtaining the hardening relationship, expressed in a 
rate form 
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  (B5) 
where 
cp  is the rate of change of the preconsolidation pressure. 
It is worth emphasizing that for 0bm  , the usual Cam clay hardening relationship is recovered from eqn. 
(B5), whereas for cement dissolution ( 0m  ) in a cemented soil (with 0baN  ) at constant isotropic mean 
stress p , 0cp   as long as c compp p p  . Furthermore, in a continuing plastic process, when 
c compp p p  , plastic volumetric compression ( 0
p
v  ) must occur thus cp  increases, 0cp  , whereas 
compp  decreases due to the rupture of grain bonds. In any case, for the sake of consistency, c compp p p   
holds true (cf. Figure 1). As a result, cement dissolution induces plastic volumetric compression because of 
two mechanisms, due to (i) the rupture of cementation bonds (leading to a decrease of compp ), and (ii) the 
dependence of 
cp  on cement dissolution. Hence, in general, the combination of both mechanisms may 
lead to a dramatic volumetric compression because of bond rupture. 
In this context, the consistency condition becomes 
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where  ,pc c v bp p m ,  ,pcomp comp bp p m and  ,ptens tens bp p m . 
If instead, for simplicity, we consider stress-independent elasticity, so that the bulk modulus K  is assumed 
constant (as is also assumed for the shear modulus G ), by exploiting the additive decomposition of strain 
e p
v v v      and expressing the elastic volumetric strain as 
e
v cp K   , we can modify eqn. (B5) as 
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Leading to 
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Moreover, we can assume that terms 1 K  and b sm   are negligibly small compared to the other terms in 
eqn. (B8), thus finally obtaining 
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which leads upon integration to the hardening law ( 5). 
 
Appendix C. Asymptotic relationships 
To gain further insight on the asymptotic behavior of the specific reactive surface area close to null porosity 
( 0n  ), we can assume that in this range of porosities the porous space is described by a number of 
spherical voids per unit bulk volume 
vN , with  mean radius equal to vR . As a result, the reactive surface 
area becomes equal to  
 24r v va R N   (C1) 
and the void bulk volume becomes 3
4
3
v v vv R N , which coincides with n . As a result, the ratio r va v  
becomes 
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Taking into account that from eqn. (C1)  2 vr
r v
Ra
a R
  and that the void volume variation 
vV   is related to the 
mean radius variation and to the void surface through 
v v rV R a , then 
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where the volume strain of the solid skeleton has been neglected in eqn. (C3)b. From eqns. (1) and (2) we 
obtain 
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thus, close to the 0n  limit, the asymptotic behavior is obtained integrating (C4) as 2/30r ra a n , with 
0ra  a constitutive parameter. 
It is worth adding that if the porous space were approximated to a series of cylinders of constant section, 
then the asymptotic behavior for 0n  would have been 0r ra a n . As a result, we can more generally 
assume  
 0r ra a n
   (C5) 
where the exponent   is a constitutive parameter.  
Note that eqn. (C5) depending on n  (instead of n ) implies that a volumetric strain induces a variation of 
reactive surface area (according to eqn. ( 8)). Although this assumption could be questionable (because a 
volumetric compression does not necessarily imply a reduction of ra  and might even lead to an increase of 
ra , if micro-cracking occurs) eqn. (C5) has been assumed valid because for 0n  it prevents further mass 
deposition, thus avoiding the unphysical situation of mass deposition in a porous medium with null void 
volume. 
 
Appendix D. Degree of weathering 
The relationship between the degree of weathering   and time can be obtained starting from the 
approximate relation 
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where 0bm  and  b bm m t  respectively the initial and current cement mass, t  is time, rv  the velocity of 
chemical reaction (assumed constant) and  r ra a   the reactive surface area of bonds (since 
 bm  , also  r r ba a m ). It can be deduced from (D1) that  
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Upon differentiating and integrating the above, we obtain 
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The relationship between the reactive surface area of bonds and the degree of dissolution was obtained 
from our model simulations with parameter settings of Table 2 (Set #3), and was found by interpolation to 
be approximately linear, as follows:  
 ( ) 3 2.7ra      (D4) 
Substituting (D4) into (D3) and developing the integrals, we obtain 
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Which becomes, considering 0 0  ,  
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The above can be solved for t  to finally yield 
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Equation (D7) has been used to convert degree of dissolution into time in the simulations presented in 
Section 3.2. 
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